The fluctuating wall pressure field measured simultaneously at 137 points in an impinging jet with Re D = 23, 000 and a nozzle-to-plate spacing of two diameters. A previous time averaged azimuthal decomposition 1 indicated that the fluctuating pressure field could be accurately described using few azimuthal modes, indicating this flow is an excellent candidate for a Low-Order Dynamical Systems (LODS) model. The present model was developed using a method similar as Ricaud, 2 whereby a general cubic order system of equations is fit to the experimentally determined Fourier coefficients. A LODS model developed using only azimuthal modes 0, 1 and 2 was able to reasonably accurately capture the behaviour of the fluctuating pressure field at r/D = 1.5. Downstream at r/D = 2.0, where the pressure field is more three-dimensional, the addition of azimuthal mode 3 is required to produce a stable system of equations, that again, reasonably captures the dynamics of the fluctuating pressure field. The success of this technique here, suggests that it may prove useful in high speed flow control applications where some degree of predictive ability is required.
I. Introduction
Understanding the dynamics of the large-scale coherent vortical structures in turbulent flows is crucial for the accurate prediction of many quantities of engineering interest, such as drag, 3 heat-transfer, 4 or aeroacoustic emissions. [5] [6] [7] [8] Manipulating these structures to produce desired effects by active or passive means is a rapidly progressing field of research. Because turbulent flows are often quite complex in nature, it is attractive to seek low-order descriptions of the flows that retain information about the dynamically important events. Lumely 9 introduced the the Proper Orthogonal Decomposition (POD) technique to turbulence research as a means of forming an optimal, orthogonal set of basis functions that could be used to yield low-order models of turbulent flows. These basis functions can then be projected back on the Navier-Stokes equations where only a few modes are retained to yield a set of Ordinary Differential Equations (ODEs) that can approximate the full solution to the Navier-Stokes equations. The solution to these equations can then be used to better understand important features of the flow and to provide insight into potential control strategies.
POD based Low-Order Dynamical Systems Models (LODS) have been used in several turbulent flows. For example, Aubry et al. 10 developed a POD based LODS model in the near wall region of a turbulent boundary layer that successfully captured several features of the flow observed in experiments, including the burst-sweep cycle. This, and subsequent investigations using LODS in the turbulent boundary layer are described in detail by Holmes et al. 11 Rempfer 12 used a LODS model of a transitional boundary layer and showed that there is a gradual shift of energy dispersion by viscous dissipation to dispersion by the non-linear interactions of various flow modes as the flow transitioned to turbulence. Ukeiley et al. 13 built a LODS model of a turbulent mixing layer that accurately captured the essential physics of the streamwise and spanwise vortices in the flow.
In the aforementioned models, the experimentally determined empirical eigenfunctions are projected onto the Navier-Stokes equations. In all cases, the order of the systems were quadratic or cubic. Instead of starting from the Navier-Stokes equations, Ricaud 2 suggested that a generic cubic order dynamical system model could be used and the coefficients of the ODE's could be determined by "fitting the model" to experimental data. Using this technique, Ricaud 2 was able to estimate a LODS model that was accurate for reasonably long time durations. This technique has the benefit of being computationally inexpensive and avoids the need to model the effect of the neglected modes. 10-13 A disadvantage to this technique is that it requires knowledge of the time derivative of velocity measurements, a quantity that is sometimes difficult to measure using conventional PIV systems. Instead of using velocity, this technique can be easily extended to the fluctuating wall pressure (where LODS have not been previously applied and time resolved measurements are often available) and used for short-term prediction in flow-control applications. Being able to accurately predict the short-term behaviour of the flow is useful for high speed control applications where control is sometimes limited by the speed of the control system. Ultimately, the goal is to incorporate the predictive capability of LODS models into POD/LSE 14 based control strategies, like those which have shown promise in the active control of flow separation over an airfoil. 15, 16 As a means to this end, the present investigation will develop and examine the predictive capability of LODS models of the fluctuating wall pressure field in a turbulent impinging jet (Figure 1) .
The LODS models are developed here using measurements of the fluctuating wall pressure in a turbulent impinging jet with a nozzle-to-plate spacing of H/D = 2.0 and a Reynolds number of Re D = 23, 300.
17, 18
In these investigations, the POD was applied independently at 6 radial positions in the azimuthal direction. Since the azimuthal direction is homogenous, the POD basis functions degenerate to become Fourier modes. 11, 19 These investigations indicated that the majority of the energy relative to the variance of the fluctuating pressure, p rms , was contained in only a few azimuthal modes, making this flow particularly attractive for a simple LODS model.
Stagnation Region
Radial Wall Jet Region Figure 1 . Schematic of the round impinging jet.
II. Experiment
The impinging jet facility is the same as used in previous investigations by Hall and Ewing, 17, 18, 20 and is shown in Figure 2 . The impinging jet exits a long pipe with a diameter, D, of 38.1 mm and a length of 60 diameters. The air was supplied by a 5HP variable speed blower and was conditioned using a series of 460 mm diameter circular filters mounted in a large 760x760x760 mm settling chamber. The flow entered the long pipe though a machined bellmouth. Gao et al. 21 measured the mean streamwise velocity and the streamwise turbulence intensity at the pipe exit using hot-wire anemometry for Reynolds numbers ranging from 23 000 to 110 000. The mean profiles were in good agreement with the profiles for fully developed turbulent pipe flow, and the flow exiting the pipe was axisymmetric. The measurements of the impinging jet were performed here for jets with centerline velocities of 11.7 m/s corresponding to a bulk velocity, U o = Q/A, (based on a 1/7 th profile) of 9.54 m/s and a Reynolds number of 23 300.
The jet impinged onto a stiff, smooth, 10 mm aluminum tooling plate that was 92 cm by 92 cm. The plate was rigidly mounted on a traverse that could be used to adjust the position of the plate relative to the jet outlet. The nozzle-to-plate distance used here was H/D = 2.0. The development of the large-scale structures in the impinging wall jet was examined by measuring the fluctuating wall pressure, an established The instantaneous dynamics of the structures in the flow were examined by simultaneously measuring the fluctuating pressure at all the points using a multi-channel pressure transducer system at the Boundary Layer Wind Tunnel Facility at the University of Western Ontario using 9 ESP model 16TL pressure transducers. The pressure taps were connected to the pressure transducers through long tubes so the dynamic frequency response of the tubes and the system were calibrated before the experiment by sweeping the pressure transducers with a fluctuating pressure signal. The resulting transfer functions were used to correct the instantaneous pressure measurements. The corrected response of the sampling system was flat for frequencies between approximately 10 Hz to 400 Hz. The signals from the transducers were sampled at 800 Hz (the limit of the A/D system) in a single 180 second block. The Nyquist frequency for these measurements of 400 Hz corresponds to a non-dimensional frequency, f N D/U o , of 1.6, which was sufficient to resolve the contributions from the large-scale motions of interest in this investigation. The fluctuating pressure was again determined by subtracting the mean of the entire time record from each channel. The record was then parsed into 350 independent blocks of 400 points that were used to compute the spectra and cross-spectra of the fluctuating pressure which were used to compute the time averaged contribution from the azimuthal modes. The 95% confidence interval in the estimator of these spectra was approximately 10%. 27 
III. Experimental Results
To demonstrate the suitability of this system for a LODS model, the time-averaged contribution from the Fourier coefficients at each radii given by are shown in both the stagnation and wall jet regions in Figure 3 . Here R pp (r, r = r, ∆θ) is the two-point pressure correlation at a given radius, r, for taps separated by ∆θ in the azimuthal direction. The spectra in these plots have been normalized so that the sum of the modes for each radii are p rms (r)
2 . In the stagnation region, it is clear that the majority of energy is associated with the first three azimuthal modes, whereas in the radial wall jet region the first two azimuthal modes posses the majority of the energy. In both regions of flow development a significant portion of the pressure fluctuation can be recovered using only a few modes. This can be examined further by examining the cumulative energy recovered in the first M azimuthal modes at each radius relative to the variance of the fluctuating pressure,
shown in Figure 4 . It is clear that more azimuthal modes are required to recover the same amount of energy as the flow evolves downstream. It is apparent, however, that the first 4 azimuthal modes recover in excess of 40% of the energy in the flow at all radial locations. The complex Fourier coefficients of each azimuthal mode were determined at each instant in time usinĝ and a low-order reconstruction of the instantaneous pressure field can then be examined by retaining only M modes at each radii,
The raw fluctuating pressure field is compared to realizations at the same instant using azimuthal mode 0, azimuthal modes 0 and 1, and azimuthal modes 0 to 3 in Figure 5 . There is evidence of a distorted, non-symmetric ring structure in the unfiltered pressure field, which can, in fact, be reasonably captured using only the combination of azimuthal modes 0 and 1, as suggested by Hall and Ewing. 18 As expected, a reconstruction using azimuthal modes 1 through 3 captures almost all of the salient features of the fluctuating pressure field including almost all of the distortion in the ring structure and the pressure fluctuations near the outer edges of the measurement region. The fact that most of the features of the fluctuating pressure field can be captured using few modes make this flow suitable for a LODS model.
IV. Model
The Fourier coefficients of the fluctuating pressure can be represented by a set of M ODE's at each radii:
Here,â i is the i th estimated Fourier coefficient and L, C and Q are the unknown linear, cubic and quadratic coefficients of the ODE for that particular Fourier mode, respectively. For a cubic system of M ODE's, there are M unknown linear coefficients, M (M + 1)/2 unknown quadratic coefficients and M (M + 1)(M + 2)/6 unknown cubic coefficients. Since the Fourier coefficients for all but azimuthal mode 0 are complex, both the real and imaginary parts of the higher azimuthal modes were modelled separately thus increasing the number of equations in the set from M to 2M − 1. The instantaneous Fourier coefficients must obey complex symmetry,â(r, m, t) =â * (r, −m, t), so that only the positive azimuthal mode numbers need to be modelled. As suggested by Ricaud, 2 the moments method was employed to estimate the parameters of each particular system of ODE's (L's Q's and C's). The method consists of multiplying equation 5 by successive moments of the Fourier coefficients and time averaging. For example, the first of M equations is obtained by multiplying byâ q and time averaging (denoted by the overbar) to yield
where q can be from 1 to M . The next equations are similarly obtained by multiplying byâ uâv and taking the time average, and then similarly multiplying byâ wâxâw and taking the time average. In this case, 6000 independent data points were used to estimate the moments. This procedure yields a system of equations with as many equations as unknowns. This system of equations is then solved using a singular value decomposition method to invert the matrix of coefficients. The resulting set of ordinary differential equations is solved using a fourth order Runge-Kutta integration scheme. A LODS model of the fluctuating pressure was initially developed in the wall jet region for the ring of pressure taps at r/D = 1.5 because of the low-dimensional nature of the system. Models developed using only azimuthal mode 0 and 1 quickly went into limit cycle oscillations, and were insensitive to the choice of initial condition. More realistic results were obtained using a 7 equation LODS model using azimuthal modes 0, 1 and 2. As shown in Figure 4 , this model recovers approximately 45% of the energy relative to variance of the fluctuating pressure. The absolute value of the fitted coefficients of the 5 ordinary differential equations for this system are shown in Figure 6 . The first 5 coefficients for these equations are the largest suggesting that the interactions between the azimuthal modes occur primarily at the linear level. The resulting set of ordinary differential equations was solved using initial conditions that corresponded to the experimental data set so that the predicted values could be compared to the actual system. The temporal variation of the Fourier coefficients predicted by this model are compared to the actual Fourier coefficients for one particular set of initial conditions in Figure 7 . The coefficients for azimuthal mode 0, which are real, and the real and imaginary parts of the Fourier coefficients for azimuthal modes 1 and 2 are shown. In all cases, the magnitude of the oscillations predicted by the system are consistent with the actual systems. Initially, the dynamics of the modelled system are similar to the actual system; for example, the modelled coefficients for azimuthal modes 0 and 1 do resemble the actual system, at least for the first oscillation. Even the initial behaviour of the phase angle between the real and imaginary part of azimuthal mode 1 is captured reasonably well. For longer durations the modelled coefficients do not faithfully track the measured coefficients, but the long term behaviour of each coefficient does reasonably resemble the measured Fourier coefficients except for intermittent higher frequency oscillations at 0.045 seconds that are caused by numerical instabilities in the system. Even with these instabilities, this system was able to oscillate for durations of over 1000 oscillation cycles. To further investigate how accurately the modelled Fourier coefficients recover the temporal behaviour of the actual system, a single block frequency Fourier transform of the modelled system is compared to the actual coefficients for azimuthal mode 0 in Figure 8 . It is clear that, although the spectra predicted by the model is slightly more broadband, the model accurately reproduces the peak in the spectra in the experimental data. This suggests that the LODS accurately captures the dominant time scales in this system. To see how well the predicted Fourier coefficients combine to recover the fluctuating wall pressure field, transients of the fluctuating pressure around the jet constructed using only azimuthal modes 0, 1 and 2 are compared to the actual pressure field associated with these modes in Figure 9 . The model does in fact reasonably capture the dynamics of the fluctuating pressure field particularly for the the first oscillation cycle.
A similar LODS model was developed using azimuthal modes 0, 1 and 2 slightly downstream at r/D = 2.0. This LODS model was found to be highly unstable. The addition of azimuthal mode 3, however significantly increased the robustness of the system. In this case, the 7 equation model recovered approximately 40% of the pressure fluctuations relative to p 2 rms . The first 50 of the 119 coefficients in the 7 ordinary differential equations set are shown in Figure 10 . Again, it is clear that the largest coefficients are for small values of n, suggesting that the majority of interactions between the azimuthal modes occur at the linear level. In this case, there does appear to be slightly larger coefficients at n > N m suggesting that non-linear interactions between modes are becoming more important as the contribution from the higher azimuthal modes becomes more significant.
The solutions to the system of equations is compared to the actual Fourier coefficients in Figure 11 . This system of equations was much less stable than the LODS model at r/D = 1.5 and, as shown, the system did not sustain oscillations for long periods before becoming unstable. The oscillations predicted by the model do bear some resemblance to the original signal although they often appear out of phase. The pressure field predicted from the LODS model is compared to the experimentally determined pressure field reconstructed using azimuthal modes 0, 1, 2, and 3 in Figure 12 . Again, it appears as if the model reasonably accurately captures the behaviour of the experimentally determined fluctuating pressure field. This is particularly true during the first oscillation.
V. Concluding Remarks
Two LODS models of the fluctuating pressure field have been developed in the wall jet region of a turbulent impinging jet using the method proposed by Ricaud.
2 In the first model at r/D = 1.5, a model incorporating only the first three azimuthal modes successfully captured the approximate amplitude and time scale of the pressure field. Further, the model was reasonably successful at predicting the short term behaviour of the fluctuating pressure field. Slightly downstream at r/D = 2.0, where the fluctuating pressure field is more three-dimensional, an additional azimuthal mode was required for a fairly stable LODS model of the fluctuating pressure. Again, the model reasonably captured the dynamics of the fluctuating pressure field. Work is currently underway to improve the robustness and accuracy of these models, with the ultimate goal being able to use the short-term predictive nature of these models for high-speed control applications. In particular, we are developing low-order models of the near field pressure in a high speed jet using the experimental database measured by Hall et al. 28, 29 
